Abstract. These proceedings review the status of present and future bounds on muonic lepton flavour violating transitions in the context of an effective-field theory defined below the electroweak scale. A specific focus is set on the phenomenology of µ → eγ, µ → 3e transitions and coherent µ → e nuclear conversion in the light of current and future experiments. Once the experimental limits are recast into bounds at higher scales, it is shown that the interplay between the various experiments is crucial to cover all corners of the parameter space.
Introduction
Lepton flavour violation (LFV) is strongly suppressed in the framework of the Standard Model (SM) of particle physics. Any observation of such phenomenon in the charged lepton sector would indicate unambiguously the presence of new physics (NP). Therefore, various experimental plans have taken place worldwide to confirm the vanishing prediction of the SM, and investigations are scheduled for the future to explore deeper regions of the NP parameter space.
Remarkable limits have been established with complementary tests of muonic LFV processes by the MEG [1, 2] and SINDRUM [3, 4] collaborations:
Br µ + → e + e − e + ≤ 1.0 × 10 Various experiments are already planned to improve these values by orders of magnitude: the MEG II upgrade [5] with an expected sensitivity of Br(µ → eγ) ∼ 5 × 10 −14 , the Mu3e experiment [6] with an improvement up to four orders of magnitude with respect to SINDRUM, and Mu2e at FNAL and COMET at J-PARC [7] [8] [9] aiming to improve the sensitivity by four orders of magnitude compared with SINDRUM II.
Consequently, these experimental efforts have to be supported both by an accurate theoretical interpretation of possible signals (or absence of signals) in terms of viable NP parameter space and a precise determination of the fundamental backgrounds 1 . These proceedings explore the possibility to give a model-independent phenomenological interpretation of muonic LFV transitions by adopting an effective-fieldtheory (EFT) description of NP interactions. 1 Recent progress has been made in the precise estimation of the µ → eγ [10, 11] and µ → 3e [12, 13] fundamental background.
The EFT approach applied to LFV transitions has a long tradition: in the context of neutrino oscillations the first papers were published decades ago [14, 15] , while the first complete dimension-six parameterisation at low energy for charged LFV appeared in [16] . On the other hand, the first systematic treatments of charged LFV in the context of SM EFT [17, 18] were published only a couple of years ago [19] [20] [21] [22] [23] [24] .
This note summarises the main results obtained in [25, 26] , where the EFT parameterisation introduced by [16] was adopted to recast the current and future experimental limits on muonic LFV transitions in terms of bounds on the NP parameter space at the electroweak (EW) energy scale by exploiting a systematic renormalisation-group-equation (RGE) analysis.
Parameterisation
An effective Lagrangian for the µ → e transitions valid below some scale Λ with m W ≥ Λ m b is considered. It consists of all the operators invariant under U(1) QED × S U(3) QCD and contains all the SM fermion fields (except for the top quark) and the QED and QCD gauge fields: 
with P L/R = I ∓ γ 5 /2. In the equations above, f represents any fermion below the scale m W , and h ∈ {u, d, c, s, b, τ}.
In the scenario where NP physics is realised at a scale Λ < m W , NP gives rise to the interactions described in L eff . If BSM physics is beyond the EW scale, S U(2)-invariant higher-dimensional operators are generated in the SMEFT. Then, the higher-dimensional operators in L eff stem from the matching of the SMEFT to our theory, as performed at the tree level in [27] .
Observables
Given that the expressions for the rates of the processes µ + → e + γ, µ + → e + e − e + , and coherent muon-to-electron conversion in muonic atoms µ − N → e − N will be exploited in the forthcoming section, we present them in terms of the effective coefficients (in the limit m e m µ ). For µ + → e + γ, at the tree level, the branching ratio is
where Γ µ is the width of the muon. The branching ratio of µ → 3e expressed in terms of effective coefficients is
where the interference term with the dipole operator is given by
Once relativistic and finite nuclear size effects are taken into account for heavy nuclei [28] [29] [30] , the transition amplitudes for the coherent µ → e transition in nuclei exhibit different sensitivities with respect to the atomic number involved. Consequently, different target atoms provide different limits on the coefficients of the involved class of operators. The SINDRUM collaboration has presented limits for gold, titanium and lead [4, 31, 32] , but the upcoming experiments mostly concentrate on aluminium.
For this process, the Lagrangian L eff as given in Eq. (4) is not directly applicable. Instead, a Lagrangian at the nucleon level containing proton and neutron fields is required. This Lagrangian is obtained in two steps: integrating out heavy quarks and matching at a scale of µ n = 1 GeV to an effective nuclear Lagrangian. Following [33] , the transition rate
where p and n denote the proton and the neutron, respectively. The effective couplings in Eq. (14) can be expressed in terms of our Wilson coefficients as
with analogous relations for L ↔ R.
The nucleon form factors can be recast from [34, 35] . A next-to-leading-order computation of the nuclear Wilson coefficients appeared recently in the literature [36] ; however, the inclusion of this result does not change any qualitative conclusion of the present study.
The branching ratio used in the following section is defined as the transition rate in Eq. (14), divided by the capture rate of the considered atom. For the latter, the values taken from [37] are adopted.
Connecting different energy scales
The operators in L eff carry the phenomenological information obtained from the experimental constraints. At the tree level, however, a direct interpretation would result in bounds on the Wilson coefficients evaluated at the experimental scales, i.e. C(λ = m µ ) or C(λ = µ n ).
A more meaningful procedure consists of extracting limits on the Wilson coefficients at scales that are different/higher than the phenomenological scale. If the NP is not far above the EW scale, the interconnection among scales is realised by the QED and QCD RGE of the effective operators, with the coefficients evolved between the experimental scale and the NP scale, i.e. m µ , µ N ≤ Λ ≤ m W .
Under the RGE, the various operators in L eff mix among each other. To encode the leading mixing effects, at least the one-loop anomalous dimensions for all the operators must be considered. Moreover, the dipole operator plays a prominent role in all µ → e transitions, and R that are at the leading order must be considered (also to ensure a regularisation-scheme-independent result [38, 39] ).
Including only a subset of two-loop leading-order contributions, while phenomenologically useful, is not a selfconsistent procedure and should not be understood as a replacement of a genuine two-loop precise calculation, but rather as a qualitative indication of leading-order effects.
The evolution of the full set of operators is described by the following equations, wherė
is understood, and the remaining notation is clear.
In the BMHV scheme [40, 41] , the coefficient of the dipole operator runs according tȯ
The running of the whole set of vector operators is given by the following two equations:
The running of the leptonic scalar and tensorial operators is summarised by the following equations:
The running of the scalar and tensorial quark operators is given bẏ
Phenomenological results
The effective coefficients are generated by some underlying NP theory around the EW scale. Then, the RGEs can be exploited to evolve such coefficients from the high scale m W to the phenomenological scales µ n and m µ . Therefore, the predicted rates are compared with the experimental limits. This procedure will shape the constraints of various Wilson coefficients at the NP scale. RGE mixing can generate important effects at the phenomenological scale even for vanishing Wilson coefficients at the high scale. This allows one to place bounds on coefficients that would be unconstrained if loop effects are not taken into account.
Considering the experimental limits listed in Section 1, the final aim is to compare the exploratory power of current and future µ → eγ, µ → 3e and µ → e conversion experiments for specific effective interactions at the NP scale.
First, we consider the coefficient for which the MEG experiment and future updates will deliver the best performances: C S LL µµ . In Figure 1 , the current and future branching ratio for µ → eγ and µ → 3e experiments are compared with future µN → eN prospects.
Here, the horizontal dashed-red line indicates that a small limit Br(µ → eγ) 10 −12 displays an equivalent exploratory power as the future Mu3e limit Br(µ → 3e) < 5 × 10 −15 . Instead, for muon conversion experiments (vertical dashed-red line), a limit of Br(µN → eN) < 10
would be required to perform as good as µ → eγ experiments. In other words, the future MEG II experiment will place the strongest limit on C S LL µµ unless the COMET or Mu2e experiments could improve their expected limit to reach at least Br(µN → eN) < 5 × 10 −17 . Curiously, one must notice that experiments exploring the dipole interaction at lower scales will deliver the best future performance in testing a four-fermion interaction defined at higher scales. This goes against one of the most deeply embedded prejudices in the theoretical and experimental LFV community. Now, we considered scenarios where two Wilson coefficients are non-vanishing at the EW scale. For this scope, the allowed parameter space is plotted in light of current and future experimental limits for all three processes. For clarity's sake, they are displayed on a pseudo-logarithmic scale.
In Figure 2 , the allowed regions in the C scale). Current (solid lines) and future (dashed lines) limits on µ → eγ (green) and µ → e conversion (blue) are less stringent than those coming from µ → 3e (red). This indicates that µ → 3e experiments are and will be the most sensitive to these Wilson coefficients. Moreover, µ → 3e experiments do not provide any blind region of the parameter space for this specific choice of coefficients. This occurs because these operators produce µ → 3e already at the tree level, while they give rise to the other processes only via mixing effects. bb . Here, µ → e conversion experiments display a superior capability to probe vectorial four-fermion operators generated at the phenomenological scale by mixing effects. Even the future Mu3e experiment will perform just around the current µ → e conversion limit established by the SINDRUM II collaboration more than a decade ago. This shows that future Mu2e and COMET experiments will represent the best opportunity to test four-fermion vectorial interactions containing any type of heavy fermion, including τ leptons. Again, this result challenges the biased opinion that coherent LFV conversion in nuclei can test only contact interactions with valence quarks. Furthermore, the plot displays an interesting complementarity among various experiments: assuming that the underlying theory produces a cancellation both in µ → e conversion and µ → 3e, then µ → eγ experiments will provide a complementary limit, ultimately circumscribing the allowed region of the parameter space. Figure 4 shows the allowed regions in the
plane. For this choice of coefficients, one may immediately notice that µ → 3e experiments are less constraining than the other two options. On the other hand, the COMET and Mu2e experiments will indeed set the best limits on each uncorrelated Wilson coefficient. However, there is a big portion of the parameter space where µ → e conversion experiments are completely blind. To cover this region, results from MEG II will be required. With Figure 5 , we conclude our overview by considering the coefficients C D L and C V RR ee . In this case, it is well established that the current limit on the C D L coefficient comes from the MEG experiment, and the future limit will be set by Mu2e and COMET. Focusing on the C V RR ee coefficient, even with intuitive arguments one must realise that µ → 3e experiments (SINDRUM in the past and Mu3e in the future) give the most significant limits. However, in the corners of the parameter space where potential cancellations might occur, an interesting interplay between the observables implies that all of the future experimental limits are useful to ensure that no blind spots in parameter space remain unexplored.
Of course, our choice of combinations for the free parameters is far from being exhaustive. However, the presented analysis carries two main messages:
• many opinions that are deeply entrenched in the LFV theoretical and experimental community are undermined by a systematic RGE treatment of effective coefficients;
• the interplay between the various experiments is crucial to cover all corners of the NP parameter space, especially where cancellations can result in blind spots for one or even two specific experiments.
Conclusion
In these proceedings, an RGE-improved analysis of the three µ → e processes µ → eγ, µ → 3e and µ → e conversion in nuclei in the context of EFT was briefly reviewed. The complete set of dimension-six operators giving rise to point-like muonic LFV interactions invariant under U(1) QED × S U(3) QCD was introduced.
The relevant observables for muonic LFV transitions and the formulae for their transition rates were recollected.
The complete one-loop RGEs for an EFT with dimension-six operators invariant under U(1) QED × S U(3) QCD were presented. Furthermore, the leading twoloop QED effects for the mixing of vector operators into the dipole operators were included.
Then, the resulting bounds on the Wilson coefficients (given at the scale m W ) were calculated. Afterwards, some benchmark scenario was considered to stress both the complementarity of the three µ → e processes and the inaccuracy of some opinions that are widely held in the LFV community. Concerning the former, the capability of covering regions of parameter space that would be blind spots for a single process was clearly pointed out. Con- cerning the latter, the potential of µ → eγ experiments to explore scalar four-fermion interactions and the impact from coherent µ → e conversion on vectorial four-fermion interactions with heavy fermions was clearly displayed.
The present analysis is far from being exhaustive; indeed, intriguing new ideas to explore the effective parameter space appeared recently in the literature [42] [43] [44] [45] [46] , and their RGE-improved analysis should be included in the present treatment.
Finally, even if a systematic study was never performed in this direction, we claim that future developments of the µe-scattering (MUonE) experiment [47, 48] could increase our current knowledge of muon LFV transitions and a dedicated EFT analysis should be performed in a future study. plane from µ → eγ (green), µ → 3e (red) and µ → e conversion (blue) for current (straight) and future (dashed) experimental limits. plane from µ → eγ (green), µ → 3e (red) and µ → e conversion (blue) for current (straight) and future (dashed) experimental limits.
